Abstract. This paper is concerned with energy release rate for dynamic steady state crack problems in elastic materials with microstructures. A Mode III semi-infinite crack subject to loading applied on the crack surfaces is considered. The micropolar behaviour of the material is described by the theory of couple-stress elasticity developed by Koiter. A general expression for the dynamic J-integral including both traslational and micro-rotational inertial contributions is derived, and the conservation of this integral on a path surrounding the crack tip is demonstrated.
Introduction
The explicit evaluation of the energy release rate and the analysis of its variation in function of the microstructural parameters and of the crack velocity are crucial issues for studying crack propagation stability in couple stress elastic materials [11] . For this reason, a general expression for the dynamic J-integral associated to a semi-infinite Mode III steady-state crack is obtained, and the energy release rate is derived by means of the conservation of this integral. A general procedure for the explicit evaluation of the J-integral, considering a rectangular-shaped contour surrounding the crack tip [3, 4, 5] , is also illustrated.
Problem formulation
A Cartesian coordinate system (0, x 1 , x 2 , x 3 ) centred at the crack-tip at time t = 0 is assumed. The micropolar behavior of the material is described by the indeterminate theory of couple stress elasticity [6] . The non-symmetric Cauchy stress tensor t can be decomposed into a symmetric part σ and a skew-symmetric part τ , namely t = σ + τ . The reduced tractions vector p and couple stress tractions vector q are defined as
where µ is the couple stress tensor, n denotes the outward unit normal and µ nn = n · µn. For the dynamic antiplane problem, the conditions of dynamic equilibrium of forces and moments, taking into condideration rotational inertia, and neglecting body forces and body couples, write where ϕ 1 and ϕ 2 are components of the rotations vector, defined as:
ρ is the mass density and J is the rotational inertia. The stresses and couple stresses can be expressed in terms of the out-of plane displacement u 3 [11, 12] :
. (6) where ∆ denotes the Laplace operator, J is the rotational inertia, G is the elastic shear modulus, and η the couple stress parameters introduced by Koiter [6] , with −1 < η < 1. Both material parameters and η depend on the microstructure and can be connected to the material characteristic lengths in bending and in torsion [12] , namely b = / √ 2 and t = √ 1 + η. Typical values of b and t for some classes of materials with microstructure can be found in references [7] and [8] . Substituting expressions (4), (5) and (6) in the dynamic equilibrium equation (2) (1) , the following equation of motion is derived [11] :
We assume that the crack propagates with a constant velocity v straight along the x 1 -axis and is subjected to reduced force traction p 3 applied on the crack faces, moving with the same velocity v, whereas reduced couple traction q 1 is assumed to be zero,
We also assume that the function τ decays at infinity sufficiently fast and it is bounded at the crack tip. These requirements are the same requirements for tractions as in the classical theory of elasticity. It is convenient to introduce a moving framework x = x 1 − vt, y = x 2 , z = x 3 . By assuming that the out of plane displacement field has the form u 3 (x 1 , x 2 , t) = w(x, y), then the equation of motion (7) writes:
where m = v/c s is the crack velocity normalized to the shear waves speed c s , and h 0 = J/4ρ/ is the normalized rotational inertia defined in Mishuris et al., 2012. According to (1), the non-vanishing components of the reduced force traction and reduced couple traction vectors along the crack line y = 0, where n = (0, ±1, 0), can be written as
respectively. By using (4) 2 , (6) 1,2 , (5) 2 , and (10), the loading conditions (8) on the upper crack surface require the following conditions for the function w: Ahead of the crack tip, the skew-symmetry of the Mode III crack problem requires
Note that the ratio η enters the boundary conditions (11)- (12), but it does not appear into the governing PDE (9).
Dynamic energy release rate
For couple stress elastic materials, the energy flux for a dynamic crack propagating along x 1 -axis is given by:
where n is an outward unit normal on Γ. The strain-energy density W and the kinetic enrgy density T are given by
Considering a Mode III steady-state crack prapagating at constant velocity v along the x 1 -axis, and using the expression for the the out-of-plane defined in Section 2, in the moving framework (x, y, z) the energy flux (13) assumes the special form
then the generalized J-integral for an antiplane dynamic steady-state crack in couple-stress elastic materials can be defined:
The J-integral (16) has been proved to be path independent, the details of the demonstration are reported in the next Section, and it is the generalization of the static expressions derived by Freund and Hutchinson [2] and Lubarda and Markenscoff [9] to the antiplane dynamic steady state case. The dynamic energy release rate is then defined by the limit [1] :
Conservation of the J-integral
In this Section, we demonstrate that the dynamic J-integral expression (16) is path independent. Considering a closed oriented path formed by two crack tip contours Γ 1 and Γ 2 and by the segments of the crack faces of length d that connect the ends of these contours and using the notation introduced in Section 2, the energy flux integral corresponding to this entire closed path Γ tot for a Mode III steady state crack in couple-stress materials is given by then from the definition (16) we derive
where the notation J (Γ 1 ) and J (Γ 2 ) denotes that the dynamic J-integral (16) is evaluated respect to the crack tip contours Γ 1 and Γ 2 , respectively. Applying the divergence theorem to the (19) we obtain and remembering that n x = n · e x , we obtain
where A tot is the area within the closed area. For the antiplane steady-state problem the strain elastic energy density and the kinetic energy density are given by
the first term of the integral (20) is the given by Taking into account the dynamic equilibrium conditions (2), the second term can be written as follows
while the third
Substituting (23), (25) and (25) into the integral (20) and expressing ϕ 1 and ϕ 2 in function of the displacement by means of relations (3), we obtain finally, introducing into expressions (4) and (6), which define stress and couple-stress tensors in function of the derivatives of the displacement, we get:
[(w ,xx w ,xxx + w ,yy w ,yyx − η (w ,yyx w ,xx + w ,xxx w ,yy )) − − (w ,xx w ,xxx + w ,yy w ,yyx − η (w ,yyx w ,xx + w ,xxx w ,yy ))] dA = 0.
We have demonstrated that the J-integral (16) is path independent, as a consequence the dynamic energy release rate (17) can be evaluated by choosing an arbitrary path Γ surrounding the crack tip and making the limit Γ → 0. 
Evaluation of the energy release rate
For the evaluation of the energy release rate (17), a rectangular-shaped contour contour Γ with vanishing height along the y-direction and with ε → +0 reported in Fig.1 . Such contour was first introduced by Freund [1] and recently used by Gourgiotis and Georgiadis [3, 4, 5] and it permits using solely the asymptotic near-tip stress and displacement fields.
Considering the moving framework in Fig.1 with the origin at the crack tip, the cartesian components of the outward unit vector normal to Γ are n = (n x , n y , 0), and the generalized J-integral (16) becomes:
In order to avaluate the energy release rate, we allow the height of the rectangular path reported in Fig.1 to vanish. In this limit, the first integral of the (28) is zero. It is also important to note that anti-symmetry conditions (11) together with boundary conditions (12) provide that the reduced traction q 1 = µ 21 is zero along the whole crack line y = 0, where n = (0, ±1, 0). Consequently, the energy release rate (17) becomes: Asymptotic expressions for the total shear stress t 23 , the couple stress field µ 22 , and the out-of-plane diplacement w have been derived by Radi [12] and Piccoloraz et al. [10] . These fields exhibit the following behavior near to the crack tip:
where A is a constant determined by the boundary conditions (12) and depending by the characteristic of the loading applied at the faces τ (x), and f (h 0 , η, m) and g(h 0 , η, m) are factors relating the asymptotics leading term of the displacement to the leading terms of t 23 and µ 22 , respectively. Now, by substituting the (30) and the (32) in the general formula (29), we finally derive:
The two products of distributions x , with γ = −1, −2, −3 . . . ,
where δ(x) is the Dirac delta distribution. Then, applying the relation (34) to the (33) and considering the fundamental property of the Dirac delta distribution +ε −ε δ(x)dx = 1, we finally get: G = Aπ (f (h 0 , η, m) + g(h 0 , η, m)) .
6. Conclusions A general expression for the dynamic J-integral valid for antiplane crack in a couple stress elastic material has been derived. A direct procedure for the evaluation of the energy release rate, based on the assumption of a rectangular-shaped path around the crack tip and requiring only asymptotics expressions of stresses and displacement, has been illustrated. The proposed method can be used for evaluating the energy release rate for many dynamic Mode III problems in couple-stress elastic materials characterized by different loading configurations acting on the crack faces.
